Abstract We consider the model of the one-dimensional cookie random walk when the initial cookie distribution is spatially uniform and the number of cookies per site is finite. We give a criterion to decide whether the limiting speed of the walk is non-zero. In particular, we show that a positive speed may be obtained for just three cookies per site. We also prove a result on the continuity of the speed with respect to the initial cookie distribution.
Introduction
We consider the model of the multi-excited random walk, also called cookie random walk, introduced by Zerner [13] as a generalization of the model of the excited random walk described by Benjamini and Wilson [3] (see also [4] for a continuous time analogue). The aim of this paper is to study under which conditions the speed of a cookie random walk is strictly positive. In dimension d ≥ 2, this problem was solved by Kozma [7, 8] , who proved that the speed is always non-zero. In the one-dimensional case, the speed can either be zero or strictly positive. We give here a necessary and sufficient condition to determine if the walk's speed is strictly positive when the initial cookie environment is deterministic, spatially uniform and with a finite number of cookies per site. Let us start with an informal definition of such a process:
Let us put M ≥ 1 "cookies" at each site of Z and let us pick p 1 , p 2 , . . . , p M ∈ [ 1 2 , 1). We say that p i represents the "strength" of the ith cookie at any given site. Then, a cookie random walk X = (X n ) n≥0 is simply a nearest neighbour random walk, eating the cookies it finds along its path by behaving in the following way:
• If X n = x and there is no remaining cookie at site x, then X jumps at time n + 1 to x + 1 or x − 1 with equal probability 1 2 .
• If X n = x and there remain the cookies with strengths p j , p j+1 , . . . , p M at this site, then X eats the cookie with attached strength p j (which therefore disappears from this site) and then jumps at time n + 1 to x + 1 with probability p j and to x − 1 with probability 1 − p j .
This model is a particular case of self-interacting random walk: the position of X at time n + 1 depends not only of its position at time n but also on the number of previous visits to its present site. Therefore, X is not a Markov process.
Let us now give a formal description of the general model. We define the set of cookie environments by = [ 1 2 , 1] N * ×Z . Thus, a cookie environment is of the form ω = (ω(i, x) ) i≥1,x∈Z where ω(i, x) represents the strength of the ith cookie at site x. Given x ∈ Z and ω ∈ , a cookie random walk starting from x in the cookie environment ω is a process (X n ) n≥0 on some probability space ( , F, P ω,x ) such that:
In this paper, we restrict our attention to the set of environments u M ⊂ which are spatially uniform with at most M ≥ 1 cookies per site:
The last condition ω(i, 0) < 1 is introduced only to exclude some possible degenerate cases but can be relaxed (see Remark 2.4). A cookie environment ω ∈ u M may be represented by (M,p) wherē
In this case, we shall say that the associated cookie random walk is an (M,p)-cookie random walk and we will use the notation P (M,p) instead of P ω .
The question of the recurrence or transience of a cookie random walk was solved by Zerner [13] for general cookie environments (even in the case where the initial
